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POSITIVE CHARACTERISTIC MANIN-MUMFORD THEOREM
THOMAS SCANLON
Abstract. We present the details of a model theoretic proof of an analogue
of the Manin-Mumford conjecture for semiabelian varieties in positive charac-
teristic.
1. Introduction
The Manin-Mumford conjecture in its original form (whose proof is originally
due to Raynaud [8]) asserts that if A is an abelian variety over a number field k and
X ⊆ A is an irreducible subvariety of A, then X(kalg) meets the torsion subgroup
of A(kalg) in a finite union of cosets of sugroups of the torsion group. If one replaces
k with a field of positive characteristic, then there are obvious counterexamples to
the direct translation of this conjecture. However, by isolating groups defined over
finite fields appropriately, one can state and prove a positive characteristic version
of this conjecture.
We should say a word or two about attributions for this theorem. The current
author sketched the proof presented here in [9]. As the reader will see, given the di-
chotomy theorem for existentially closed difference fields [2] this proof follows very
easily from Hrushovski’s proof of the number field Manin-Mumford conjecture [4].
Pink and Roessler gave an algebraic proof this theorem in [7]. While their proof
avoids appeals to the model theory of difference fields, it too uses some sophisticated
arguements (involving, for instance, formal group arguments). Pillay presented a
very elementary proof of the function field Mordell-Lang conjecture using an anal-
ysis of algebraic D-groups [5] and then transposed this argument to the context of
algebraic σ-groups to reprove the Manin-Mumford conjecture over number fields [6].
The student working group supervised by Pillay and Scanlon at the 2003 Arizona
Winter School completed a very elementary proof of the main theorem of this note
along the lines of Pillay’s characteristic zero proof. Some details of this argument
are available in a streaming video on the Southwestern Center’s webpage.
2. Statement of the main theorem
In this section we state the main theorem of this note. Before doing so we recall
a definition from [3].
Definition 2.1. Let K be an algebraically closed field of characteristic p. Let G
be a commutative algebraic group over K and X ⊆ G an irreducible subvariety.
We say that X is special if there are
• H ≤ G an algebraic subgroup,
• H0 an algebraic group defined over F
alg
p ,
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• a point a ∈ G(K),
• a subvariety X0 ⊆ G0 defined over F
alg
p , and
• a morphism of algebraic groups h : G→ G0
such that X = a+ h−1X0.
With the definition of special in place we can state the positive characteristic
version of the Manin-Mumford conjecture.
Theorem 2.2. Let K be an algebraically closed field of characteristic p. Let G be
a semiabelian variety over K and X ⊆ G a closed subvariety. Then the Zariski
closure of X(K) ∩G(K)tor is a finite union of special subvarieties.
3. The proof
In this section we prove Theorem 2.2.
3.1. Difference equations for the torsion.
Lemma 3.1. There is a discrete valuation ring R ⊆ K with a finite residue field
Fq and a semiabelian model G of G over R for which the p-rank of the special fibre
of G is equal to the p-rank of the generic fibre, G.
Proof. Choose any finitely generated subring S over which we have a semiabelian
modelG ofG. Let S′ := S(G[p](Kalg)). Let r be the p-rank ofG (= dimFp G[p](K
alg)).
Let γ1, . . . , γr ∈ G[p](K
alg) = G[p](S′) be a basis for the (physical) p-torsion on G.
The set U of primes p ∈ Spec(S′) such that the image of γ1, . . . , γr remain linearly
independent in (G ⊗ S′/p)[p](S′/p) is open in the Zariski topology. Take m ∈ U
any smooth closed point. Take R to be S′
m
. 
Lemma 3.2. Let R be a discrete valuation ring of characteristic p with residue field
Fq and field of quotients K. Let S be the maximal unramified algebraic extension of
R and let S′ := Sp
−∞
:= {y ∈ Kalg : (∃n ∈ N)yp
n
∈ S} be the perfection of S. Then
for any semiabelian scheme G over R, the natural map G(S′)tor → G(K
alg)tor is
an isomorphism.
Proof. Of course, this map is an injection. So, we must show that it is a sur-
jection. For any finite e´tale group scheme F over R, Hensel’s lemma shows that
F (S) →֒ F (Kalg) is an isomorphism. For each n ∈ Z+, Consider the connected-
e´tale sequence over S′:
0 −−−−→ G[n]0 −−−−→ G[n] −−−−→ G[n]e´t −−−−→ 0
Over a perfect ring, this sequence splits and the group of rational points in
a connected finite flat group scheme over a domain is trivial. Thus, G[n](S′) ∼=
G[n]e´t(S
′) ∼= G[n]e´t(K
alg) ∼= G[n](Kalg).
For each n ∈ N the group scheme G[n] is over S, thus if O is the integral closure
of R in Kalg, we have G[n](O) ∼= G[n](Kalg). As the torsion group is the direct
limit of the n-torsion groups, we conclude G(S′)tor ∼= G(K
alg)tor. 
Lemma 3.3. Let R be a discrete valuation ring of characteristic p with residue
field Fq and field of quotients K. Let G be a semiabelian scheme over R for which
the p-rank of the generic fibre is equal to the p-rank of the special fibre. There is a
polynomial P (X) ∈ Z[X ] and an automorphism σ of Kalg fixing K such that P (σ)
vanishes on G(Kalg)tor and no root of P in C is a root of unity.
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Proof. On the special fibre G of G the q-power Frobenius induces an endomorphism
F : G → G. As such, the subring of End(G) generated by F is a finite integral
extension of Z. Let P (X) ∈ Z[X ] be the minimal monic polynomial of F over Z.
By the Weil conjectures for G, no complex root of P is a root of unity.
The completion of R is isomorphic to Fq[[ǫ]]. Let ρ : F
alg
q [[ǫ]] → F
alg
q [[ǫ]] be
defined by ∑
i≥0
xiǫ
i →
∑
i≥0
xqi ǫ
i
Extend ρ to ρ˜ : Falgq ((ǫ))
alg → Falgq ((ǫ))
alg and let σ := ρ˜ ↾Kalg be the restriction of
ρ˜ to Kalg.
This choice of P and σ works. By Lemma 3.2 every torsion point in G(Kalg)
is integral over S′, the perfection of the maximal algebraic unramified extesion of
R. Our hypothesis on the p-rank implies that for each n ∈ Z+ the reduction map
induces an isomorphism G[n](S′) ∼= G(Falgq ). Moreover, as we have chosen σ to lift
F , if we regard G(S′) as a Ẑ-module with the generator acting as σ and G(Falgq ) as
a Ẑ-module with the generator acting as F , then isomorphism G(S′)tor → G(F
alg
q )
is an isomorphism of Ẑ-modules. P is defined so that P (F ) ≡ 0 on G(Falgq ). Thus,
P (σ) vanishes on G(S′)tor = G(K
alg)tor. 
3.2. Finite rank σ-algebraic groups.
Lemma 3.4. Let K = Kalg be an algebraically closed field of characteristic p > 0
and G a semiabelian variety over K. There is a polynomial P (X) ∈ Z[X ] having
no roots of unity amongst its complex roots and an automorphism σ : K → K such
that G is defined over the fixed field of σ and P (σ) vanishes on G(K)tor.
Proof. GivingG a specific quasi-projective presentation, we find a finitely generated
ring R ⊆ K over which G is semiabelian. By Lemma 3.1 we may find a smooth
closed point m ⊆ R for which G andGm have the same p-rank. Applying Lemma 3.3
we obtain the requisite polynomial P and automorphism σ. 
Definition 3.5. Let K = Kalg be an algebraically closed field and k ≤ K the
algebraic closure of the prime field in K. We say that the semiabelian variety G
defined over K is isotrivial if there is a semiabelian variety G0 defined over k and
a purely inseparable isogeny ψ : G→ G0 defined over K. (Equivalently, there is a
purely inseparable isogeny ϑ : G0 → G defined over K.)
Lemma 3.6. Let M be an algebraically closed field and K1,K2 ≤M algebraically
closed subfields which are algebraically independent over their intersection K1∩K2.
Suppose that A is an algebraic group defined over K1 and that there are an algebraic
group B defined over K2 and a surjective map of algebraic groups g : A→ B with
(ker g)red defined over K1 then there is an algebraic group B0 defined over K1∩K2
and a surjective morphism h : A→ B0 defined over K1 with (ker g)red = (ker h)red.
Proof. Choosing a presentation of A over K1, B over K2, and g over M , we may
express the assertion “g is a surjective map of algebraic groups from A to B”
as a sentence in the language of fields with parameters from M . As the theory
of algebraically closed fields is model complete, we may assume that all of the
necessary parameters come from the algebraic closure of the compositum of K1
and K2. Separating the parameters and using quantifiers to speak about algebraic
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extensions, we may write this sentence as ϕ(a; b) where a is a tuple from K1, b
is a tuple from K2, and ϕ(x; y) is a formula of the language of rings having no
extra parameters. The formula ϕ(x; y) asserts “Ax is an algebraic group, By is an
algebraic group, there are parameters z satisfying a particular algebraic relation
over x and y such that gz : Ax → By is surjective and (on points) ker gz = Kx.”
The formula ϕ(x; y) is represented in tp(a/K2), but K1 and K2 are free over
K1 ∩ K2. Thus, ϕ(x; y) is represented in tp(a/K1 ∩ K2). That is, we can find a
tuple c from K1 ∩K2 for which ϕ(a; c) holds. This gives the result. 
Lemma 3.7. Let (U,+,×, 0, 1, σ) |= ACFAp be an existentially closed difference
field of characteristic p > 0. Let A be a semiabelian variety defined over Fix(σ).
Suppose that there there are nonzero integers m and n such that A is isogenous to
a semiabelian variety defined over Fix(σnτm), then A is isogenous to a semiabelian
variety defined over a finite field.
Proof. The fields Fix(σ) and Fix(σnτm) are orthogonal, and in particular, alge-
braically independent. We have Fix(σ)alg =
⋃
N≥0 Fix(σ
N ) and Fix(σnτm)alg =⋃
M≥0 Fix(σ
nMτmM) so that Fix(σ)alg ∩ Fix(σnτm)alg = Falgp . Thus, using the
fact that every algebraic subgroup of A is defined over Fix(σ)alg by Lemma 3.6 we
see that A is isogenous to a semiabelian variety defined over Falgp . 
We recall also the definition of (quantifier-free) modularity in existentially closed
difference fields.
Definition 3.8. Let (U,+,×, 0, 1, σ) |= ACFA be an existentially closed difference
field and G an algebraic group over U. A subgroup Γ ≤ G(U) is said to be modular
if for every natural number n and every σ-algebraic subvariety X ⊆ Gn the set
X(U) ∩ Γn is a finite union of cosets of subgroups of Γn.
While it is not immediately clear from the definition, if Γ and Ξ ≤ G(U) are
modular definable groups, then so is the group generated by Γ and Ξ.
Definition 3.9. Let (U,+,×, 0, 1, σ) |= ACFAp be an existentially closed difference
field of characteristic p > 0. Denote the p-power Frobenius map by τ : U → U.
Let G be a commutative algebraic group defined over U and Γ ≤ G(K) a definable
subgroup. We say that Γ is essentially algebraic if there is group H of the form∑m
i=1 ψi(Hi(Fix(σ
niτmi)) where ni > 0, mi ∈ Z, Hi is an algebraic group over
Fix(σniτmi), and ψi : Hi → G is a map of algebraic groups with finite kernel such
that Γ/(H ∩ Γ) is finite.
We say that Γ is strongly essentially algebraic if each of the His may be taken
to be defined over a finite field.
Lemma 3.10. Let (U,+,×, 0, 1, σ) |= ACFAp be an existentially closed difference
field of characteristic p > 0. Let G be a semisimple semiabelian variety over Fix(σ)
and Q(X) ∈ Z[X ] a polynomial with integral coefficients having no roots of unity
amongst its complex roots. Let Γ := kerP (σ) ≤ G(U). Then Γ is an almost direct
sum of a modular group and a strongly essentially algebraic group.
Proof. By hypothesis, we may writeG as an almost direct sum of simple semiabelian
varieties G =
∑
Si where each Si is either an abelian variety or an algebraic torus
isomorphic to Gm. As a general rule, the groups Si might not be invariant under
σ, but they are always defined over a finite extension of the field of definition of G
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and are therefore defined over Fix(σN ) for some natural number N . As there are
only finitely many groups in this decomposition, we may choose N so that all of
the Sis an isomorphisms Ti ∼= G
gi
m are defined over Fix(σ
N ).
Factor P (X) over C as P (X) =
∏
j(X−αj). Set Q(X) :=
∏
j(X−α
N
j ) ∈ Z[X ].
Then kerP (σ) ≤ kerQ(σN ). If we manage to show that kerQ(σN ) =M +E where
M is modular and A is essentially algebraic, then kerP (σ) = (M ∩ Γ) + (E ∩ Γ)
expresses Γ as an almost direct sum of a modular group and an essentially algebraic
group. Thus, replacing σ with σN and P with Q we may assume that each Si and
each splitting Ti ∼= G
gi
m is already defined over Fix(σ).
Likewise, if we could show that each group kerP (σ) ↾ Si has the form Mi + Ei
where Mi is modular and Ei is essentially algebraic, then we would conclude that
kerP (σ) = (
∑
Mi) + (
∑
Ei) is the almost direct sum of the modular group
∑
Mi
and the essentially algebraic group Ei. Thus, we may assume that n = 1 and that
G = S1. We drop the subscript from now on.
One knows that every definable subgroup of kerP (σ) in a simple semiabelian
variety is commensurable with a group of the form kerR(σ) for some polynomial
R(X) ∈ End(G)[X ] over the endomorphism ring of G with R dividing P [1]. In
particular, if one were to factor P (X) =
∏
Rj(X) with each Rj ∈ End(G)[X ]
irreducible, then kerP (σ) is (up to finite index) the sum of the kernels kerRj(σ).
Now, each of the groups kerRj(σ) is minimal, so that the dichotomy theorem
implies that either kerRj(σ) is modular or there is a minimal definable field k,
an algebraic group H0 defined over k, and an isogeny ψ : H0 → G such that
ψ(H(k)) ∩ kerRj(σ) is infinite. We consider two separate cases k = Fix(σ) or
k = Fix(σnτm) for n > 0 and m 6= 0.
In the first case, we observe that ψ is defined over kalg and therefore over
Fix(σN ) for some N . The map ψ takes H(Fix(σN )) to a subgroup of finite index in
G(Fix(σN )). Factoring Rj(X) =
∏
(X−βℓ) ∈ C[X ] and setting Qj =
∏
(X−βNℓ ) ∈
End(G)[X ], we see that kerQj(σ
N ) is commensurable with
∑N−1
t=0 σ
t kerRj(σ). We
conclude, that kerQj(σ
N ) is commensurable with G(Fix(σN )), but then some root
of Qj (and therefore Rj and also P ) is a root of unity contrary to our hypothesis.
In the second case, by Lemma 3.7 (possibly at the cost of replacing σ with a
power) we see that may assume that H is defined over a finite field. Then by
definition, kerRj is strongly essentially algebraic. 
We are in a position now to prove Theorem 2.2.
Proof. Working by noetherian induction on X , we may assume that X is irreducible
and that X(K) ∩ G(K)tor is Zariski dense in X . Passing to the quotient by the
stabilizer of X , we may assume that X has a trivial stabilizer.
Let (U,+,×, 0, 1, σ) |= ACFA be an existentially closed difference field with
K ≤ U, σ(G) = G, and P (X) ∈ Z[X ] a polynomial over the integers with no
roots of unity amongst its complex roots and P (σ) vanishing on G(K)tor. Let
E ≤ kerP (σ) =: Γ be an essentially algebraic subgroup of maximal dimension. By
the socle theorem, X(K)∩Γ is contained in finitely many cosets of E. Translating,
we may assume that X is a subvariety of the Zariski closure of E. By Lemma 3.10
E is strongly essentially algebraic so that there is some algbraic group H0 over
a finite field and an isogeny ψ : E → H0 which we may assume to be purely
inseparable. Let X0 be the Zariski closure of ψ(X). As ψ takes torsion points to
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torsion points and H0(U)tor = H0(F
alg
p ), we see that X0 is defined over F
alg
p . Thus,
X is special. 
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